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This paper presents a finite particle approximation of the two-fluid model for liquid 4He. We
propose the use of smoothed particle hydrodynamics (SPH), a Lagrangian particle method well-
established in astrophysics. To solve the equation of motion, we introduce an auxiliary equation
that represents a microscopic relationship between entropy and temperature, which derived from
quantum statistical mechanics, in elementary particle physics. In numerical simulations, we use a
Riemann solver among neighboring particles, as an alternative to artificial viscosity, to stabilize the
simulation. We focused on the state of complete phase separation and demonstrate a Rayleigh-
Taylor instability simulation, confirming the emergence of the characteristic mushroom structure in
the linear growth regime. Furthermore, we investigated the applicability of SPH to entropy wave
propagation analyses by examining the effect of density fluctuations on the error of calculations
with a benchmark case. The simulation results show good agreement with those of FDM and
with the analytical solution. Consequently, our simulation model has been confirmed to reproduce
the phenomenological characteristics of superfluid 4He qualitatively. We have thus pioneered a new
paradigm of Lagrangian particle mechanics, which will hopefully stimulate further numerical studies
of superfluids in condensed matter physics.
I. INTRODUCTION
The bizarre behavior of liquid helium 4 (hereinafter,
4He) has attracted the attention of condensed matter
physicists for many years; however, the detailed dynam-
ics of this fluid remains a mystery even now, eighty years
after its discovery.
Figure 1 reviews the basic properties of 4He through a
schematic phase diagram. In 1937, P. L. Kapitza found
that the viscosity of liquid 4He decreases upon cooling
and reaches almost zero below the λ-point (labelled point
c in Fig. 1). Liquid 4He was later confirmed to display vis-
cosity in the high-temperature area over the λ-line, and
to lose it in the low-temperature area below the λ-line.
Once lack of viscosity is achieved in this latter temper-
ature range, liquid 4He displays many unexpected prop-
erties that characterize it as a “superfluid.” In contrast,
liquid 4He within the high-temperature area over the λ-
line is still classified as a “normal fluid.”
The superfluidity condition is characterized by proper-
ties such as the following two examples. Superfluid 4He
can penetrate a high-density capillary filter (e.g., gyp-
sum), thanks to the so-called “superleak effect”, whereas
this is not possible for normal fluid 4He. In addition,
the “film flow effect” takes place when superfluid 4He
spontaneously comes out of its vessel as a result of van
der Waals forces between helium atoms and walls being
stronger than the forces between 4He atoms themselves.
Many physicists have made efforts to explain these in-
teresting properties of superfluids at both the ontological
and phenomenological level. One year after the discovery
by P. L. Kapitza, F.W. London explained the phase tran-
sition of liquid 4He from a quantum mechanical point of
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FIG. 1. Schematic phase diagram of 4He. Points a, b, c,
and d correspond to the following (p, T) values, respec-
tively: (25bar, 0K), (30bar, 1.77K), (50.5mbar, 2.17K), and
(2.3bar, 5.22K).
view, comparing it with a type of Bose-Einstein conden-
sation (BEC) [1]. London’s theory has now been vali-
dated by many experiments. Meanwhile, the “two-fluid
model” proposed by L. Tisza[2] and L. Landau [3], which
assumes the coexistence of superfluidity and normal flu-
idity in liquid 4He, has become the most acknowledged
phenomenological description. In this model, the total
mass density ρ is expressed as follows:
ρ = ρn + ρs, (1)
where ρn and ρs are the mass densities of the normal
fluid and of the superfluid, which respectively satisfy the
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2laws of mass and entropy conservations as follows:
∂ρ
∂t
+∇ · (ρnvn + ρsvs) = 0, (2)
∂
∂t
(ρσ) +∇ · (ρσvn) = 0. (3)
Here, vn and vs are the velocities of the normal fluid
and of the superfluid, respectively, while σ is the entropy
density.
A remarkable achievement of the two-fluid model is
that it connects the macroscopic perspective of thermo-
dynamics with quantum mechanics, so that the super-
fluid can be described within a framework of basic me-
chanics. By solving the Gross-Pitaevskii equation (a non-
linear Schro¨dinger equation for boson particles) and the
Gibbs-Duhem equation simultaneously, we obtain the fol-
lowing equations of motion for liquid 4He from a phe-
nomenological perspective [4]:
ρs
Dvs
Dt
= −ρs
ρ
∇P + ρsσ∇T , (4)
ρn
Dvn
Dt
= −ρn
ρ
∇P − ρsσ∇T + ηn∇2vn, (5)
where D{·}/Dt represents a material derivative, and vn
and vs are the velocities of the normal fluid and super-
fluid, respectively. ηn is the viscosity of the normal fluid.
T is temperature, P is pressure, and σ is entropy density.
Hydrodynamic aspects of liquid 4He have been inten-
sively studied through experiments involving counterflow
in a cylinder attached to a reservoir of the liquid at one
point and a heater at another point. Under this condi-
tion, the liquid 4He is in a separate phase of super and
normal fluids, which flow in the opposite direction [5].
C. J. Gorter and J. H. Mellink found the mutual friction
forces to be the reason for the discrepancy in Eq. (4) and
Eq. (5) with respect to the counterflow experiments at
high heat fluxes [6], which are given as
ρs
Dvs
Dt
= −ρs
ρ
∇P + ρsσ∇T − Fsn, (6)
ρn
Dvn
Dt
= −ρn
ρ
∇P − ρsσ∇T + ηn∇2vn + Fsn. (7)
Further studies by W.F. Vinen [7] through experiments
with the second sound wave attenuations revealed a de-
tailed quantitative expression for Fsn as
Fsn =
2
3
ρsακLvsn, (8)
where ρs is the mass density of a superfluid, κ is the
quantum of circulation, vsn is the relative velocity of
vs − vn, α is a friction coefficient, and L is the vortex
line density. It is known that L at the steady state can
be described as
L−1(t) = L−1(0) + βvt, (9)
where βv is a coefficient in the Vinen equation [8].
From the viewpoint of numerical research, finite ap-
proximation of the equations of motion in Eq. (6) and
Eq. (7) represents an essential step toward direct numer-
ical simulations. However, to date, only a few studies
have adopted such an approach; this is primarily be-
cause most previous works take a non-phenomenological
point of view (e.g., numerical simulations of nonlinear
Schro¨dinger equations [9, 10], and quantum Monte Carlo
calculations [11, 12] aiming to examine the static re-
sponses [13] or to explore quantum vortices and turbu-
lence [14–18]). Although previous works [19–23] intro-
duce direct numerical simulations of the two-fluid model,
they focus on mesh-based discretization; when simulating
liquid 4He, some studies [19–21] developed finite differ-
ence approximations, and others [22, 23] devised novel
finite element approximations. Unfortunately, none of
the previous studies have reported a finite particle ap-
proximation of these governing equations.
There are many advantages to numerical simulations
using the finite particle approximation because of the dis-
cretization based on many-particle interacting systems.
Each particle moves in space interacting with every other
particle, taking either the state of a superfluid or nor-
mal fluid. The mechanical picture, in this case, is much
closer to the view of quantum statistical systems that
follow Bose-Einstein condensates, compared to the case
of grid-based methods. Using the same number of par-
ticles as real atoms in liquid 4He in simulations remains
challenging even today. Nevertheless, finite particle ap-
proximation clearly has a high possibility of bridging the
gulf between the phenomenological and microscopic con-
cepts of liquid 4He. Furthermore, from a practical as-
pect, the particle approximation is capable of handling
complex boundaries. It has great potential to perform
simulations realistic enough to reproduce an experimen-
tal setup. However, in addition to these potential advan-
tages, the computational costs are much higher than with
other methods. In addition, because the non-uniformity
of particle distributions often causes deterioration of nu-
merical accuracy, it is necessary to select appropriate sup-
portive techniques to stabilize the simulations.
The main purpose of this study is to present a scheme
for finite particle approximation of the two-fluid model.
We propose to discretize the two-fluid model of su-
perfluid 4He using smoothed particle hydrodynamics
(SPH) [24], a well-established Lagrangian particle ap-
proximation particularly popular in the field of astro-
physics. By combining theoretical methodologies typi-
cal of two different branches of physics (low-temperature
physics and astrophysics), we aim to pioneer a new
paradigm of Lagrangian particle mechanics targeting su-
perfluids.
The remainder of this article is structured as follows.
Section II describes the concept of SPH, provides a sum-
mary of wave equations in superfluid 4He, and discusses
the expression of thermodynamic parameters in the two-
fluid model, in preparation for Section III. In Section III,
we derive a finite particle approximation of liquid 4He.
In Section IV, we discuss strategies for practical applica-
tions and introduce several improved numerical schemes
for SPH. In Section V, we demonstrate our model with
3FIG. 2. Schematic of a kernel function.
two major numerical tests: the Rayleigh-Taylor instabil-
ity and wave propagation analyses. Section VI summa-
rizes our results and concludes the paper.
II. PREPARATIONS
II.1. A brief overview of SPH
The fundamental concept of SPH is the approximation
of the Dirac delta function δ in integral form by a distri-
bution function W , which is called the smoothed kernel
function, as follows [24]:
φ(r) =
∫
Ω
φ(r´)δ(r− r´)dr´
'
∫
Ω
φ(r´)W (r− r´, h)dr´, (10)
where φ is a physical value at the position r in a domain
Ω and the parameter h is called a kernel radius. The
smoothed kernel function W must have at least the fol-
lowing four characteristics; (a) W converges to the delta
function δ as h approaches 0 (limh→0W = δ); (b) W
satisfies the normalization condition (
∫
Wdr = 1); (c) W
satisfies the symmetricity W (−r) = W (r); and (d) W is
such that the value of W becomes 0 at a distance kh,
which is called a compact support condition. Figure 2
represents a schematic view of a kernel function. An ex-
ample of a smoothed kernel function W is the Gaussian,
which is simply expressed as
W (r) :=
C
hd
e−(r−r´)
2/h2 , (11)
where d is the dimension (d = 1, 2, or 3) and C is a
normalization factor. The Gaussian kernel is frequently
used in the field of astrophysics. In the field of incom-
pressible SPH, in contrast, polynomial functions are often
used [25, 26].
Equation (10) is further discretized on the basis of the
summation approximation using the position rj , the in-
finitesimal volume ∆Vj , density ρj , and mass mj of the
jth particle as follows.
φ(ri) ≈
Np∑
j
φ(rj)W (|ri − rj |, h)∆Vj
=
Np∑
j
φ(rj)
ρj
mjW (|ri − rj |, h), (12)
where mj = ρj∆Vj and Np is the number of fluid parti-
cles used to approximate the system. The gradient and
the Laplacian of the physical value φ(ri) are axiomati-
cally obtained from Eq. (12) using a vector analysis, as
follows:
∇φ(ri) = ρi
Np∑
j
mj
(φ(ri)
ρ2i
+
φ(rj)
ρ2j
)
∇Wij , (13)
∇2φ(ri) =
Np∑
j
mj
ρj
φ(ri)− φ(rj)
|ri − rj |2 (ri − rj) · ∇Wij ,(14)
where Wij = W (|ri − rj |, h). Here, we have used
the mathematical relationship ∇f = ρ[∇(f/ρ) +
(f/ρ2)∇ρ] to derive Eq. (13), so that the gradient op-
erator has symmetricity of pressures between the ith and
jth particles. For more details of the operators in SPH,
refer to [27].
II.2. Wave equations of superfluids
According to the literature [3], the governing equations
of Eq. (2) to Eq. (5) yield wave propagation equations re-
garding density ρ and entropy S, which produce multiple
types of sound waves. Under a first approximation that
neglects the viscosity term, the wave equations give two
different sound waves, expressed as follows [28, 29]:
c1 =
(
∂P
∂ρ
)1/2
S
, (15)
c2 =
(
ρs
ρn
TS2
Cv
)1/2
, (16)
where c1 and c2 are called the first sound velocity and
the second sound velocity, respectively. Cv represents
the specific heat at constant volume. Equation (16) can
be rewritten using the number of 4He atoms N and the
mass of a 4He atom M as
ρs
ρn
=
{
Cvc
2
2
(NM)2Tσ2
}
, (17)
where we have introduced a basic relation between the
entropy density σ and the entropy S of σ = S/(NM).
4II.3. Expression of thermodynamic variables in an
elementary excitation model
As a consequence of the two-fluid model by L. Lan-
dau, it was found that the elementary excitation of liq-
uid 4He is derived from two components, “phonons” and
“rotons” [3]. The pressure P of liquid 4He can thus be
expressed as follows [30]:
P = Pph + Prot. (18)
Here, let us denote the ratio of a circle’s circumference
as pi, and the speed of sound as c. We also introduce
constant values for µ, p0, and ∆ as 1.72× 10−24 g,
2.1× 10−19 gcms−1, and 8.9 K, respectively, according
to the literature [31, 32]. When T  93 K, Eq. (18) can
be approximated as [30, 31]:
P ' pi
2(kBT )
4
90~3c3
+
p20
√
(piµ/2)
2pi2~3
(kBT )
3/2e−∆/T , (19)
where kB represents the Boltzmann constant and ~ is the
reduced Planck’s constant. Note that Eq. (19) is similar
to Eq. (5) in the literature [30]. The entropy S is obtained
from the first-order partial derivatives of P with respect
to temperature T as
S :=
(
∂P
∂T
)
(20)
' 2pi
2k4BT
3
45~3c3
+
(
kB
2pi
)3/2√µp20∆
~3
e−∆/T√
T
, (21)
where we have ignored higher-order terms in the deriva-
tion of the second term in Eq. (21).
Accordingly, the entropy density σ is obtained using
the relation σ = S/(NM) as
σ = ζT 3 + ξ
e−∆/T
T 1/2
, (22)
ζ :=
2pi2k4B
45~3c3NM
, (23)
ξ :=
(
kB
2pi
)3/2√µp20∆
~3NM
. (24)
Here, both ζ and ξ are constant parameters because their
components of N,M, pi, c, µ, p0,∆, kB , and ~ are all con-
stant and can be given as known parameters. Now, we
have prepared all the parameters needed for the deriva-
tion of a particle approximation of liquid 4He.
III. DISCRETIZATION OF THE TWO-FLUID
MODEL USING STANDARD SPH
First, Eq. (6), the motion equation for superfluid com-
ponents, can be rewritten as:
Dvs
Dt
= −1
ρ
∇P + σ∇T − 1
ρs
Fsn. (25)
Using Eq. (13), we obtain the particle discretization of
the right-hand side of Eq. (25), with respect to the ith
particle, as follows:〈
−1
ρ
∇P
〉
i
= −
∑
j
mj
(Pi
ρ2i
+
Pj
ρ2j
)
∇Wij , (26)〈
σ∇T
〉
i
= θsi
∑
j
mj
(Ti
ρ2i
+
Tj
ρ2j
)
∇Wij , (27)
where θsi is represented using Eq. (22) as
θsi = ρiσi. (28)
Here, the superscript of θxi represents the first letter of
“superfluid” or “normal fluid” (x = s, n). The detailed
evaluation of σi is discussed in Section IV.2.
The two-way coupling technique for SPH [33, 34] in
basic mechanics to compute relative velocity between two
phases can be applied to the discretization of Fsn. From
Eq. (8), a mutual friction force F(i)s of the ith superfluid
particle is obtained as follows:
F(i)s = CL
∑
j∈Ωi(v
(i)
s − v(j)n )Wij∑
j∈Ωi Wij
, (29)
where CL is 2/3ρsακL and Ωi is the set of all the particles
in the neighborhood of the ith normal fluid particles. The
third term on the right-hand side in Eq. (25) is obtained
by dividing Eq. (29) by −ρ−1s .
Second, Eq. (7), the motion equation for normal fluid
components, can be rewritten as:
Dvn
Dt
= −1
ρ
∇P − ρs
ρn
σ∇T + ηn
ρn
∇2vn+ 1
ρn
Fsn. (30)
The first term on the right-hand side in Eq. (30) can be
discretized similar to the case of Eq. (26). Meanwhile, the
discretized expression of the second term with respect to
the ith particle is obtained using Eq. (13) as follows.〈
− ρs
ρn
σ∇T
〉
i
= θni
∑
j
mj
(Ti
ρ2i
+
Tj
ρ2j
)
∇Wij , (31)
where the breakdown of θni is given as
θni = χ
ρi
Tiσi
, (32)
χ :=
Cvc
2
2
(NM)2
. (33)
Meanwhile, a substitution of Eq. (14) into the third term
directly leads to:〈
ηn
ρn
∇2vn
〉
i
= 2νn
∑
j
mj
ρj
v
(i)
n − v(j)n
|ri − rj |2 (ri − rj) · ∇Wij ,
(34)
where νn is the kinetic viscosity, which is equal to ηn/ρn.
Subsequently, the mutual friction force F(j)n of the jth
5normal fluid particle is obtained by summing up the con-
tributions from each reaction force of the ith superfluid
particle as follows:
F(j)n = −
∑
i∈Ωj
F(i)s
( Wij∑
k∈Ωi Wik
)
, (35)
where Ωj is the set of all particles in the neighborhood
of the jth normal fluid particle, while Ωi is that of the
ith superfluid particle. Note that the summation inside
the brackets in Eq. (35) is with respect not to j but to i
in order for the two phases to conserve an equal amount
of momentum exchange. In the end, the fourth term on
the right-hand side in Eq. (30) is obtained by dividing
Eq. (35) by ρ−1n .
Now, the right-hand sides of Eq. (25) and Eq. (30) are
appropriately discretized. The material derivative of ve-
locities in the left-hand sides of Eq. (25) and Eq. (30) can
be discretized using an explicit time-integrating scheme,
e.g., the Verlet algorithm [35], in accordance with the
usual manner in SPH simulations. Consequently, we
have successfully derived a particle approximation of the
governing equations of liquid 4He.
IV. STRATEGIES FOR PRACTICAL
APPLICATION
IV.1. Introduction of improved techniques to
stabilize the simulations
It is known that the standard SPH only permits a slight
density difference between two phases when being applied
to multi-phase flow problems because it does not assume
a larger density gradient than that of the gradient of the
smoothing kernel function in its formulation [36]. As a
remedial measure, we introduce an improved SPH scheme
that ensures the continuity of the pressure and pressure
gradient at the interface between two phases, while sat-
isfying mass and momentum conservation [37]. In this
method, the density of the ith particle is computed as
follows:
ρi = mi
∑
j
W (|ri − rj |, h). (36)
Instead of Eq. (26), the pressure gradient term is then
computed as〈
−1
ρ
∇P
〉
i
= − 1
mi
∑
j
(m2i
ρ2i
+
m2j
ρ2j
)
P˜ ∇Wij , (37)
where P˜ is the reduced pressure, given as
P˜ :=
ρiPj + ρjPi
ρi + ρj
. (38)
Similarly, the following equation is used to compute the
vicosity term instead of Eq. (34):〈
ηn
ρn
∇2vn
〉
i
=
ηn
mi
∑
j
(m2i
ρ2i
+
m2j
ρ2j
) v(ij)n
|rij |2 rij · ∇Wij , (39)
where v
(ij)
n and rij are respectively given as
v(ij)n := v
(i)
n − v(j)n ,
rij := ri − rj . (40)
Additionally, several sophisticated techniques are ap-
propriately introduced. First, we use a pair-wise particle
collision technique [38] that gives a repulsive force when
two particles are too close to each other. Specifically,
the momentum conservation in the normal direction be-
tween two colliding particles is computed using this tech-
nique. Next, we introduce a one-dimensional Riemann
solver [39] in each pair-wise particle, instead of using ar-
tificial viscosities. These two supportive techniques be-
come valid only when the two particles are closer to each
other than a distance equal to the initial particle distance
d, as exceptional cases.
Meanwhile, we set the time increment δt to be as small
as about one-twentieth of the three conditions of numer-
ical stability, the CFL (Courant-Friedrichs-Lewy) condi-
tion, diffusion condition, and body force condition [40],
because it is possible for SPH simulations using the ex-
plicit time-integrating scheme to violate energy conser-
vation. Regarding entropy conservation, we set constant
values for the particles in the initial state and keep the
values during simulations; this is further explained in the
next section.
IV.2. Entropy density estimation
It can be said from Eq. (27) and Eq. (31) that each
of θsi and θ
n
i functions as a parameter that determines
the degree of the effect of temperature gradient forces.
The entropy density σi is dominant in the behavior of
θsi because the density ρi fluctuates typically less than
one percent compared with its averaged density in in-
compressible SPH [41, 42]. Additionally, the behavior of
σ corresponds to that of entropy S because the value of
NM is constant; thus, θsi is proportional to the entropy
S. Figure 3(a) shows the dependence of entropy S on
temperature T , indicating that the effect of the temper-
ature gradient force controlled by θsi on the superfluid
component diminishes as the temperature T decreases,
and it eventually reaches zero at absolute zero. Based
on the result, we can say that the parameter θsi reflects
well the characteristic that superfluids have almost zero
or a very small temperature gradient, corresponding to
extremely high heat conductivity.
Regarding the parameter θni , the second sound veloc-
ity c2 of Eq. (33) should be semi-empirically determined
according to the literature, exemplified by [43, 44]. In
experiments, it is known that c2 emerges when the sys-
tem reaches temperatures lower than the critical temper-
ature of approximately 2.17 K, increases as the cooling of
the system increases, and finally reaches approximately
135 ms−1 after experiencing a sluggishness at approxi-
mately 20 ms−1 [44]. Let us assume in this discussion
that c2 is constant. In this ideal case, the parameter
χ becomes constant; thus, θni becomes proportional to
6FIG. 3. Dependences of (a) the entropy S and (b) (TS)−1 on
the temperature T .
(Tiσi)
−1. Also, the behavior of σ corresponds to that of
entropy S, similar to the case of θsi . After all, the behav-
ior of θni is determined by that of (TS)
−1. Figure 3(b)
shows the dependence of (TS)−1 on the temperature T
with a semi-logarithmic scale. The effect of θni on fluid
4He is confirmed to greatly increase as the temperature
Ti decreases. Remember that the parameter θ
n
i is the
discretized formula of Eq. (17), expressing the ratio of
superfluid density to normal density, which generates the
second sound wave. Figure 3(b) suggests that the effect
of ρs/ρn increases as the temperature T decreases, on the
premise that c2 is constant; the effect is more amplified
in actual cases because the velocity c2 itself increases, as
mentioned above [44].
As discussed above, both parameters θsi and θ
n
i are
confirmed to reflect the phenomenological behavior of su-
perfluid 4He qualitatively. However, it is also found that
θni is too sensitive to be used for practical applications.
As a remedy, we give the parameters of ρs and ρn as
constant initial parameters; we compute Eq. (31) from
Eq. (27) multiplied by −ρs/ρn. We also compute the en-
tropy σi in the parameter θ
s
i from Eq. (22) scaled by a
coefficient of Ce as
σi = Ceσ. (41)
Here, the reason we introduce Ce is because Eq. (21) does
not consider the effect of interactions among particles in
its derivation. In that sense, Eq. (21) can be said to
express a relationship between entropy and temperature
in a quantum ideal gas. Hence, it is necessary to consider
the volume ratio of gas to a liquid. In this article, we
estimate the value of Ce as the volume ratio of gas to
liquid, each of which has the same density under a certain
pressure (Ce ≈ Vliquid/Vair), as the first approximation
level.
IV.3. The variables of the system
The variables for the ith particle are given as a set of
(ri,v
(i)
n ,v
(i)
s ,mi, ρi, σi, Pi, Ti). Pi is calculated from ρi by
solving a one-to-one thermodynamic correspondence be-
tween Pi and ρi given by the Tait equation of state [45].
Meanwhile, ρi and σi are calculated using Eq. (36) and
Eq. (41), respectively. mi and Ti keep their initial values
in this paper. v
(i)
s and v
(i)
n are not necessarily distin-
guished in implementations because each particle only
takes either a superfluid or normal fluid state at a time.
Thus, the variable of the ith particle can be reduced to
the set of (ri,vi,mi, ρi, σi, Pi, Ti).
The parameter CL includes one time-dependent pa-
rameter of the vortex line density L and three other con-
stant values: the superfluid density ρs, a friction coef-
ficient α, and the quantum of circulation κ, where L is
calculated from Eq. (9) at every time step. In this arti-
cle, the parameter βv of Eq. (9) is calculated according to
Table 1 and Table 3 in the literature [46]. To summarize,
the constant parameters characterizing the system are
given as a set of (N,M, ρs, ρn, T0, Ce, νn, c, α, βv, κ, L0),
where L0 = L(0) of Eq. (9). The exact constant values
that are independent of the system are (µ, p0,∆, kB , ~).
V. NUMERICAL ANALYSES
In this section, we demonstrate our method by per-
forming two major numerical tests: the Rayleigh-Taylor
instability (RTI) and entropy wave propagation analy-
ses. The linear growth of the mushroom structure sim-
ilar to that in classical fluids has been reported to be
observed in the direct simulation of the Gross-Pitaevskii
equation [47]. In Section V.1, we examine whether we can
find the emergence of the linear growth of the mushroom
structure on the condition of a completely separate state
of superfluid and normal fluid (NS counterflow), using
the proposed model. Meanwhile, simulating wave prop-
agation is challenging for the SPH, particularly in the
case of an explicit time-integrating scheme. We discuss
the applicability of SPH to entropy wave propagation
problems by examining the effect of density fluctuations
on the error in calculations with a hypothetical case in
Section V.2.
V.1. Rayleigh-Taylor instability simulation
We set the simulation domain of (Lx, Ly) to be
(1.0, 2.0) and place the superfluid particles at y > 0.5Ly
and the normal fluid particles at y < 0.5Ly. We set the
resolution of (Npx, Npy) to be (240, 480), where Npx and
Npy are the number of particles arranged in each direc-
tion. The interface between the two phases is disturbed
by the function y = Lx(1.0−0.15sin(2.0pix/Lx)), and the
value of the gravity constant of 0.09 m/s2 is set in the
y-direction, in a manner similar to the case in a classical
fluid [48]. We arrange multiple layers of frozen particles
as walls, alongside the boundary of the simulation do-
main. No-slip conditions are imposed on the wall parti-
cles as boundary conditions. The reference temperature
T0 is set to be 1.6 K. Using T0, we set the temperature
of superfluid particles to be T0 × 0.99 and set that of
normal fluid particles to be T0 × 1.01. The parameters
7FIG. 4. Snapshots of the Rayleigh-Taylor instability simulation until the emergence of linear growth of the mushroom structure
when setting (Npx, Npy) to be (240, 480) and setting the density ratio to be ρs/ρn = 5.024.
(ρs, ρn, α, βv, κ, µn) are determined by reference to the
values in Table 1 and Table 2 in the literature [46] in
the case of T0 = 1.6 K. The resulting density ratio of
ρs/ρn becomes 5.024. Meanwhile, we set the vortex line
density L0 to be 1×106 cm−1 as an initial state, in refer-
ence to the literature [8]. We estimate the dimensionless
parameter Ce to be 1.428× 10−3 considering the volume
ratio of Vliquid/Vair at 1.01325 bar [49]. The value of NM
in Eq. (22) is set equivalent to ρnLx
2 because only the
normal fluid components carry entropy.
Figure 4 shows snapshots of the Rayleigh-Taylor insta-
bility simulation. The red part and blue part in Fig. 4(a)
respectively represent the superfluid particles and normal
particles. As a result, we confirmed the emergence of the
characteristic mushroom structure in the linear growth
regime. The mushroom structure shows its growth in the
slanting direction because of wall boundary conditions;
this is the same as the case for a classical fluid [50]. The
time from the start to the final snapshot is approximately
7.07 s in physical time, which corresponds to approxi-
mately 2.12 in the time scaled by the factor
√
(g/Lx).
Figure 4(b) represents the magnitude of the viscosity
term calculated using Eq. (39); the magnitude of viscos-
ity is confirmed to be zero in normal fluid components.
Fig. 4(c) shows the magnitude of the velocity of particles
for reference.
To discuss the state after further time evolution, it
is necessary to introduce the state transition between su-
perfluid and normal fluid particles. In this case, each par-
ticle stochastically changes its state according to quan-
tum statistical mechanics; the most straightforward ap-
proach is to estimate the probability of transition using
the distribution of Bose-Einstein condensates. Suitable
transition models should be discussed in future studies.
V.2. Effect of density fluctuations on the numerical
analysis of the entropy wave equation
Let us examine the effect of density fluctuations on
the calculation error of wave propagation problems with
a hypothetical case. The wave equation is given as
∂2S
∂t2
= c2∇2S, (42)
where c is the speed of sound. We impose closed bound-
ary conditions:
S(x, 0) = S(x, Ly) = 0, (43)
S(0, y) = S(Lx, y) = 0. (44)
In this case, the analytical solution of Eq. (42) is given
as follows [51]:
S(x, y) = A(t) sin
mpix
Lx
sin
npiy
Ly
(
m = 1, 2, · · ·
n = 1, 2, · · ·
)
,(45)
8FIG. 5. Snapshots of the analytical solution of the targeted problem during the time from 0 s to the half-period of time.
FIG. 6. Variation of S at a certain point during the simulation
with Cs = 135 in the cases of FDM or SPH with different
values of δD.
where the time-dependent function A(t) is expressed as
A(t) = Cm,nsinλm,nt+ C
∗
m,ncosλm,nt, (46)
λm,n = cpi
√
m2
L2x
+
n2
L2y
. (47)
Here, Cm,n and C
∗
m,n correspond to the coefficients of the
sine terms and cosine terms in the double Fourier expan-
sion of Eq. (45), respectively. In this benchmark test, we
discretize the left-hand side of Eq.(42) using the second-
order central difference method [52] while replacing the
right-hand side with the Laplacian operators of SPH or
the finite-difference method (FDM); we can focus on the
problem of numerical error in the spatial direction.
We set the simulation domain of (Lx, Ly) to be
(1.0, 1.0) and set the resolution of (Npx, Npy) to be
(400, 400). We take two cases, setting the speed of sound
c to be 135 ms−1 and 20 ms−1, assuming two represen-
tative cases of the second sound waves of 4He in the low-
temperature region, as mentioned in Section IV.2. We
set the pair of (m,n) to be (4, 3) and set the initial veloc-
ity of each particle to be 0 everywhere in the simulation
domain. In this case, the values of Cm,n and C
∗
m,n be-
come 0 and 1. Figure 5 shows snapshots of the analytical
FIG. 7. Dependence of the relative error Er on the parameter
δD: (a) for Cs = 135 and (b) Cs = 20.
solution of the targeted problem during the time from 0 s
to the half-period of time.
In SPH, we set the same mass for all the particles.
In this case, only the non-uniformity of particle arrange-
ments contributes to the fluid density fluctuation because
of the weighted calculation according to the positions of
particles. Let us introduce the initial distance between
two particles, l, and a distance parameter dl. Consider
the case where we isotropically arrange particles with an
interval of l in each direction and shift the particles by
dl in an arbitrary direction. In this case, the averaged
small volume ∆V0 is l
2, and the maximum one ∆V is
(l + dl)2. We define a volume fluctuation rate δD as
((∆V )−∆V0)/∆V0 × 100. Because of the uniformity of
mass and the relationship ∆V = m/ρ, it is possible for
us to regard δD as a criterion for density fluctuation.
Additionally, the physical time is set to 0.03 s, roughly
assuming the time from the emergence of the second wave
to the decay of the vortex line density [8]. In addition,
we introduce a stabilization technique presented in the
MPS (moving particle semi-implicit) [53] to suppress the
increase in variance caused by repeated calculations (see
Appendix A). We then compare the simulation results of
SPH with that of FDM and the analytical solutions given
by Eq. (45).
Figure 6 shows the variation of S at a certain point
during the simulation with Cs = 135, in the respective
cases. The solid line indicates the analytical solution, and
the solid line with the cross symbol shows the simulation
result of FDM. The remaining seven lines with symbols
9FIG. 8. Relationship between the mach number Ma and the
parameter δD.
indicate the simulation results of SPH with different val-
ues of δD between 0 and 3 per cent. All results were
confirmed to show excellent agreement at this viewing
scale.
Fig. 7(a) shows further analyses of the results in Fig. 6,
demonstrating the dependence of the relative error on the
parameter δD in the respective cases. Here, the relative
error Er is defined as the average of |Si−Sa|/|Sa+A|×100
over all the particles, where Si is the value of S of the ith
particle and Sa is the analytical value of the point on the
particle. A is the amplitude of the oscillation, which is
equivalent to 1 in this case and is added to the denomina-
tor to avoid division by zero. The solid curve indicates
the fitting curves using the least squares method. The
relative error δD in the case of SPH was found to be
a minimum at approximately δD = 0.5; subsequently, it
increased as δD increased by a power of two. Meanwhile,
Fig. 7(b) shows the simulation results in the case where
Cs = 20. The dependence of Er on the parameter δD
shows the same increase as in the case where Cs = 135.
The results in Fig. 7 demonstrate the applicability of
SPH to wave propagation problems of liquid 4He, even
though the relative error Er depends on the parameter
δD by a power of two. This occurs because the relative
error is small enough to be less than 0.25 per cent, even
in the case where δD = 2. Here, δD is known to be ap-
proximately 0.5, in usual cases. Thus, the relative error is
approximately 0.012 per cent for Cs = 20, and 0.018 per
cent for Cs = 135. Through the discussion in this sec-
tion, it is shown that we can perform wave propagation
analyses within the range of these permissible errors.
The reason why δD is estimated to be 0.5 is explained
as follows. The Mach number, the ratio of the maxi-
mum velocity to the speed of sound, is denoted as Ma.
Given that the temperature is constant, the relative er-
ror of density is proportional to the square of Ma, which
is described as (ρ0 − ρ)/ρ0 = 0.5M2a as in [54]. Because
of the uniformity of mass, we can obtain the relation-
ship 2(1 − ∆V0/∆V ) = M2a , where ∆V0 = m/ρ0 and
∆V = m/ρ. Because ∆V0 is l
2 and ∆V is (l + dl)2,
a simple calculation leads to the following relationship
between δD and Ma:
Ma =
√
2(1.0− 1
δD/100 + 1.0
). (48)
Figure 8 shows the relationship between Ma and δD de-
scribed by Eq. (48). In the simulation of incompressible
SPH, Ma is given as an input parameter, which is typi-
cally set to 0.1. The value of δD at this time is approxi-
mately 0.5, as shown in Fig. 8.
VI. CONCLUSIONS
In this paper, we have theoretically derived a finite
particle approximation of the two-fluid model of super-
fluid 4He using smoothed particle hydrodynamics. To
solve the governing equations, we introduced an auxil-
iary equation that represents a microscopic relationship
between entropy and temperature derived from quantum
statistical mechanics, in elementary particle physics. In
numerical simulations, several sophisticated techniques
have been appropriately introduced. In particular, we
utilized a Riemann solver among neighboring particles
to stabilize the simulation, as an alternative to artificial
viscosity.
We have focused on the state of complete phase separa-
tion and demonstrated a Rayleigh-Taylor instability sim-
ulation. As a result, we confirmed the emergence of the
characteristic mushroom structure in the linear growth
regime. Furthermore, we discussed the applicability of
SPH to entropy wave propagation analyses by examining
the effect of density fluctuations on the error of calcu-
lations with a benchmark case. The simulation results
show good agreement with those of FDM and with the
analytical solution.
Consequently, our simulation model has been con-
firmed to reproduce the phenomenological characteris-
tics of superfluid 4He. We have thus pioneered a new
paradigm of the Lagrangian particle mechanics, which
will hopefully stimulate further numerical studies of su-
perfluids in condensed matter physics.
ACKNOWLEDGEMENT
This research was supported by JSPS KAKENHI
Grant Number 19K21528, and partly supported by
“Grant-in-Aid for JSPS Fellows” in Japan. The author
would like to thank Editage (www.editage.jp) for English
language editing. The author would also like to express
his gratitude to his family for their moral support and
warm encouragement.
10
Appendix A: A reformulation of the Laplacian
operator on the basis of MPS formalism
Equation (14) is reposted as
∇2φ(ri) =
Np∑
j
mj
ρj
φ(ri)− φ(rj)
|rij |2 rij · ∇Wij , (A1)
where rij = ri − rj . In the case where all particles
have the same mass and density, we can replace mj/ρj
by mi/ρi in Eq. (A1) as follows:
∇2φ(ri) =
Np∑
j
mi
ρi
φ(ri)− φ(rj)
|rij |2 rij · ∇Wij , (A2)
Consider the functions:
Pij :=
w(rij)∑
j w(rij)
, (A3)
w(rij) := − 1
2Ds
rij · ∇Wij , (A4)
where Ds is the dimension. Equation (A3) can be re-
garded as a probability function when w(rij) is positive
everywhere in the neighborhood of the ith particle. To
give examples, the Gaussian kernel and B-spline kernel
satisfy this condition. Because of the uniformity of mass,
we can select a set of the density and small volume of the
ith particle that has the relationship as
ρi =
mi
∆Vi
, (A5)
∆Vi =
1∑
j w(rij)
. (A6)
From Eq. (A3) to Eq. (A6), Eq. (A2) is rewritten as
∇2φ(ri) = 2Ds
Np∑
j
φ(rj)− φ(ri)
|rij |2 Pij . (A7)
Here, we replace the variance |rij |2 by its averaged ex-
pectation as
∇2φ(ri) = 2Ds
τ
Np∑
j
(
φ(rj)− φ(ri)
)
Pij , (A8)
τ =
∑
j
|rij |2Pij . (A9)
Note that the final forms of Eq. (A8) and Eq. (A9) are
irrelevant to the choices of ρi and ∆Vi. The introduction
of τ is known to suppress the increase in variance caused
by repeated calculations [53, 55].
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